We describe a scheme to engineer non-Abelian gauge potentials on a square optical lattice using laser-induced transitions. We emphasize the case of two-electron atoms, where the electronic ground state g is laser coupled to a metastable state e within a state-dependent optical lattice. In this scheme, the alternating pattern of lattice sites hosting g and e states depict a checkerboard structure, allowing for laser-assisted tunneling along both spatial directions. In this configuration, the nuclear spin of the atoms can be viewed as a "flavor" quantum number undergoing non-Abelian tunneling along nearest-neighbor links. We show that this technique can be useful to simulate the equivalent of the Haldane quantum Hall model using cold atoms trapped in square optical lattices, offering an interesting route to realize Chern insulators. The emblematic Haldane model is particularly suited to investigate the physics of topological insulators, but requires, in its original form, complex hopping terms beyond nearest-neighboring sites. In general, this drawback inhibits a direct realization with cold atoms, using standard laser-induced tunneling techniques. We demonstrate that a simple mapping allows to express this model in terms of matrix hopping operators, that are defined on a standard square lattice. This mapping is investigated for two models that lead to anomalous quantum Hall phases. We discuss the practical implementation of such models, exploiting laser-induced tunneling methods applied to the checkerboard optical lattice.
I. INTRODUCTION
The discovery of the quantum Hall (QH) effect, in twodimensional electronic systems subjected to large magnetic fields, revealed the existence of novel quantum phases: the topological insulating states [1, 2] . Such phases are insulating in the bulk but exhibit current-carrying modes on the edge of the sample. These chiral propagating modes, whose energies are located within the bulk gaps, are protected by topology. They can be formally related to the existence of non-trivial topological invariants -Chern numbersassociated with the band structure [3, 4] . The existence of edge modes is guaranteed as long as the topology of the band structure does not change, irrespective of the details of the microscopic Hamiltonian. In the early age of quantum Hall physics, it was generally thought that this phenomenon could only emerge in two-dimensional systems featuring Landau levels, namely, in samples necessarily subjected to magnetic fields. Haldane showed in 1988 that this was not a necessary condition [5] . To this aim, he introduced a simple lattice model exhibiting the quantum Hall effect without Landau levels, thereafter referred to as the anomalous QH effect. In his seminal work [5] , Haldane showed that quantum Hall phases were rooted in the breaking of time-reversal symmetry, which potentially increased the possibilities to access this phenomenon in a wider range of two-dimensional systems. This first step played a major role in the quest for new topological states, as it paved the way for the generalization of the quantum Hall effect. Indeed, this work inspired studies aiming to discover topologically-ordered band structures in other spatial dimensions, and also, in physical systems satisfying time-reversal symmetry [6] . This effort led to the prediction [7] [8] [9] and to the discovery [10, 11] of Z 2 topological insulators, which are materials featuring large spin-orbit coupling and exhibiting the quantum spin Hall effect. In fact, the transport properties offered by these materials, which currently attract the scientific community for their potential future applications, can be described by simple lattice models that are direct generalizations of the initial Haldane model [7, 12] . Besides, it was recently shown that the Haldane model could be tailored in order to create band structures presenting low-energy flat bands with non-zero Chern numbers [13] . In such configurations, in analogy with fractional quantum Hall states occurring in strong magnetic fields, interactions can profoundly change the many-body ground state. This offers a novel route towards stronglycorrelated topological liquids, the so-called fractional Chern insulators [13] [14] [15] [16] . Although it played a fundamental role in the search for topological materials, the Haldane model was never reproduced in solid-state systems. Recently, it was suggested that the anomalous QH effect could be realized and observed in HgMnTe quantum wells [17] , in silicene subjected to in-plane magnetic fields [18] , in 2D organic topological insulators [19] , and in cold-atom setups [20] [21] [22] [23] [24] [25] [26] [27] .
The original Haldane model [5] is defined on a honeycomb lattice with real nearest-neighbor (NN) and complex nextnearest-neighbor (NNN) hoppings, see Fig. 1 (a) . The NN hopping alone leads to a gapless energy spectrum featuring two Dirac cones familiar from graphene studies [28] . The complex NNN hopping, represented by red and blue links in Fig. 1 (a) , opens a single gap at half-filling (i.e. around E = 0). This bulk energy gap is non-trivial [5] : when the Fermi energy E F ≈ 0 lies in this gap, a single edge mode is populated and carries current around the system [4] , leading to a quantized Hall conductivity, σ H (h/e 2 ) = ν = ±1. From a topological point of view, the lowest energy bulk band E(k) < 0 is associated with a non-vanishing Chern number ν = ±1, which guarantees the presence of the robust and unique edge mode within the bulk gap [3, 4, 29] . The Chern number ν can be directly evaluated from the effective Dirac equations associated with the two Dirac cones [5, 28] ,
where M K ± are the effective masses related to the two independent Dirac points K ± .
Realizing the Haldane model with cold atoms trapped in an optical lattice is attractive, as it would provide a simple playground to investigate the physics of topological (Chern) insulators. Such a proposal was described in Refs. [24, 25] , where laser-induced tunneling [30] was considered to couple two state-dependent triangular optical lattices. The simplicity of the Haldane model relies on the fact that it is a two-band model, featuring a unique energy bulk gap and hosting a single topological edge mode (ν = ±1). This minimal topologically-ordered system is to be compared, for instance, to the emblematic Hofstadter model [31] , i.e. a tight-binding model for an electron in a uniform magnetic field moving on a square lattice, which is characterized by a multi-band energy spectrum and hosts (infinitely many) quantum Hall phases with arbitrary ν ∈ Z [32] . In this sense, the two-band Haldane model is mathematically easier to handle than the Hofstadter model [25] , and it thus constitutes a good basis for studying the effects of interactions, in particular, in view of realizing fractional Chern insulators [13] [14] [15] [16] 33] and topological Mott insulators [27] with cold atoms. Finally, the Haldane model constitutes the building blocks for the Kane-Mele model [7] , and therefore, its optical-lattice realization opens a possible route for the observation of the quantum spin Hall effect with cold atoms [34] [35] [36] [37] .
In this work, one exploits the fact that the honeycomb Haldane model can be mapped into a two-component square lattice with NN and NNN matrix hoppings. We demonstrate that the NNN hoppings, which are inconvenient for an optical lattice implementation, can be simply omitted: they do not contribute to the appearance of a non-trivial topological phase. This simple observation makes the realization of the Haldane model feasible with laser-assisted tunneling on a square lattice, at the price of an increased complexity: the resulting model involves non-Abelian gauge potentials [38] [39] [40] . The models stemming from this non-Abelian framework are versatile, and thus, they can be generalized to simulate an assortment of topological and Dirac-like systems [34, 41, 42] .
In Section II, we first describe an extension of the scheme proposed in [38] allowing one to realize such non-Abelian gauge potentials. In Section III, we show how these synthetic gauge potentials can be tailored in order to reproduce the original Haldane model on a square lattice. We also briefly comment on the detection of relevant signatures, based on available experimental probes. In Section IV, we show that similar considerations can be applied to the so-called π−flux model [13, 39, 43] , which leads to identical physics with a simpler setup.
II. NON-ABELIAN GAUGE POTENTIALS FOR ULTRACOLD ATOMS IN OPTICAL LATTICES
We start by outlining an experimental scheme generating effective non-Abelian gauge fields for ultracold fermionic atoms on a lattice. The scheme is a generalization of the ones proposed by Osterloh et al. [38] , building on the earlier proposal by Jaksch and Zoller to realize effective magnetic fields [30] . Both proposals [30, 38] are designed for alkali atoms, and rely on using multilevel atoms in a spin-dependent optical lattice, i.e. a periodic trapping potential made from several different sublattices trapping different internal states. A set of laser beams drive Raman transitions that change the internal state, thereby inducing tunneling from a given sublattice to another. Crucially, the laser-assisted tunneling process is characterized by a complex matrix element, with an argument determined by the laser phase. A suitable configuration of laser beams then leads to a non-vanishing geometrical phase for an atom tunneling around a closed trajectory, which realizes an effective magnetic field.
Implementing this scheme experimentally with fermionic alkali atoms is unfortunately plagued by spontaneous emission: the spin-dependent lattice and Raman lasers frequencies need to be set relatively close to resonance, leading to heating and losses hardly compatible with quantum gases experiments [44] . Moreover, such spin-dependent lattices are sensitive to the magnetic moment of the atoms, leaving the protocol vulnerable to stray magnetic fields. These issues can be avoided by using alkaline earth atoms (or atoms with a similar level structure, such as Ytterbium). We outline below how the proposals must be modified to use these atoms. We first start by recalling the scheme proposed in Ref. [44] to realize an effective magnetic field -or equivalently an Abelian gauge structure with U(1) symmetry -and we explicitly apply it to a checkerboard geometry, see Fig. 2 (a) . We then explain in a second step how this can be extended to non-Abelian configurations in the spirit of Osterloh et al. [38] . For simplicity we consider an atom with spin 1/2 and generations of SU(2) gauge potentials. In principle, the method can be extended to other gauge groups but this typically requires many more lasers than the simpler U(1) or SU(2) schemes we outline here. As a result, the experimental implementation becomes significantly more involved.
A. Spin-dependent optical lattices, laser-induced tunneling and the Peierls phase Two-electron atoms (such as alkaline earth atoms or Ytterbium) feature two peripheral electrons that form a singlet 1 S 0 ground state and several low-lying triplet states, including a long-lived metastable 3 P 0 state (with a typical lifetime of tens of seconds). From now on, the notation g = 1 S 0 and e = 3 P 0 will be used for simplicity. The ultra-narrow g − e transition enables a direct coherent manipulation of the internal states without spontaneous emission.
Consider a two-dimensional square lattice populated with atoms in the two internal states g and e. Atoms in both states Atom in electronic state g, shown as green circles, (resp. e, shown as dark red circles) are trapped at the potential minima (resp. maxima) independently of their nuclear spin. This results in a spatial arrangement depicting a checkerboard pattern. A laser resonant on the g − e transition can induce tunneling along the diagonals e x , e y . We show for illustration a closed trajectory around a unit cell of the checkerboard lattice. (b) Possible realization using 171 Yb atoms with nuclear spin 1/2 in both g and e manifolds. An applied magnetic field shifts the various transitions between internal states depending on the value of the nuclear spin, allowing independent addressing of each of them (for instance, addressing the π1,2 transitions independently from the σ ± transitions). (c) The resulting "non-Abelian" optical lattice, with U(2) hopping operatorsÛ x ,y ∝12×2 acting along nearest-neighboring sites. Note that we use the notation (m, n) [resp. (m, n)] to designate the lattice sites in the x − y [resp. x − y] axis system. are confined to the x − y plane, independently of the internal state, by a laser set near a "magic" wavelength where both states have equal polarizabilities [44] . Along the x and y directions, two independent standing waves are applied to form a two-dimensional square optical lattice. Here, we consider a state-dependent optical lattice that is realized when the trapping laser is set at an "anti-magic" wavelength, such that the polarizability for states g and e are opposite: negative for g atoms, which are trapped near the intensity maxima, and positive for e atoms, which are trapped near the minima [44] . We write the corresponding potentials as
This results in a lattice potential with checkerboard geometry, where sites corresponding to the e sublattice are centered on the cells of the g sublattice (see Fig.2 (a) ). In the following, it will be convenient to consider a rotated frame, with axes e y = (e x + e y ) / √ 2 and e x = (e x − e y ) / √ 2 corresponding to the diagonals of the original square sublattices.
Tunneling between g/e sublattices, with amplitude J, is enforced by a near-resonant laser beam. As shown below, the coupling matrix element realizes the so-called "PeierlsLuttinger substitution" J → Je iA , describing how a gauge potential A modifies the particle tunneling J (and hence, the band structure) in the tight-binding limit [31, [45] [46] [47] . Following Jaksch and Zoller [30] , we assume the atoms only occupy the fundamental Bloch band and we make the tight-binding approximation. We then obtain the effective g−e hopping matrix element between two neighboring sites, located at r g = r j and r e = r k = r j + δ jk :
where Ω and q are the laser Rabi frequency and wavevector, respectively, and where w g/e denote the Wannier functions associated with each sublattice. For the checkerboard geometry, the link vectors are given by δ jk = r k − r j = e x,y . It is convenient to rewrite the tunneling elements as
in which case the magnitude of the tunneling J eff = (J eff ) * is uniform over the whole lattice. We note that other choices are acceptable for the phases φ jk , as long as the new phasesφ jk satisfy the gauge-transformation relatioñ
, where the function χ(r) is defined uniformly over the whole lattice. The magnitude of the tunneling matrix element J eff is controlled by the Rabi frequency and the overlap integral between the Wannier functions w g/e associated with each sublattice, which have to be calculated numerically [30] . In principle, the laser is also able to induce tunneling to next-nearest-neighbors of the composite lattice, and beyond. In practice, the matrix elements are exponentially suppressed compared to the ones describing nearest-neighbors tunneling, and negligible for realistic experimental configurations. This sets a constraint on the class of models that can be realized in this way, as we will discuss later in the paper.
From now on, we use a shorthand notation (m, n) for the site located at x = md/2, y = nd/2, where m, n are even for state g and odd for state e, and where d is the lattice spacing for each sublattice, see Fig. 2(a) . Also, we choose q = q e y for definiteness. The effective g − e hopping matrix elements between a site located at r g = (m, n) and its four nearest neighbors are then given by r g → r e = r g + e x : J ge = J eff e iπα(n−1/2) , r g → r e = r g + e y : J ge = J eff e iπα(n+1/2) ,
and the reversed paths are given by J eg = J ge * . Here, the phase factor has been written as 2πα = qd, where α can be controlled from zero to a value larger than one by modifying the orientation of the coupling laser.
Let us note that the checkerboard lattice considered here potentially allows to induce the tunneling and the Peierls phases along both spatial directions (in contrast with the "column" geometry previously considered in Refs. [30, 44, 48] ). This central ingredient will be largely exploited in the following of the present proposal, see Section II C. First of all, we note that a particle making a loop around a unit cell of the checkerboard lattice with tunneling elements (4) does not acquire any phase factor. This is a consequence of unitarity, which imposes that the laser coupling matrix elements for g → e transitions [see Eq. (4)] and its reversed e → g counterpart, are complex conjugates. Because of the alternating pattern of g → e and e → g links [see Fig. 2 (a) ], the sign of the tunneling phases alternates when moving in a given direction, which indeed leads to the cancellation of the overall phase picked by a particle hopping around a unit cell of the checkerboard. Starting from the site (m, n), and using Eqs. (5), one obtains that the phase acquired along the closed
which indicates that the effective "magnetic" flux Φ penetrating each plaquette is zero. This trivial flux configuration is in contrast with the "column" geometry discussed in Refs. [30, 44, 48] , where a staggered effective magnetic flux is generated, and it results from the higher symmetry of the checkerboard lattice. This can be cured by an additional superlattice with double period 2d, generating a potential of the form
which acts, a priori, differently on the g and e atoms. A suitable choice of the relative phase ϕ, which we take to satisfy the relation tan ϕ = −W g /W e , leads to on-site energies
Here E e,g denote the internal energies in free space, and
. In this potential landscape, the resonance frequencies for transitions linking neighboring sites become non-degenerate,
with ω 0 = E e − E g the bare transition frequency and δV
To the state-dependent lattice, one thus applies three coupling lasers propagating along y. The laser at frequency ω 1 is chosen with a wavevector q = qe y , and the lasers at frequencies ω 1 ± 2∆V with the opposite wavevector q = −qe y . If we neglect off-resonant transitions, the alternation of the wavevectors compensates the alternation of the sign of the tunneling phases, thereby leading to a non-zero "magnetic" flux per plaquette that is uniform across the lattice. Starting from the site (m, n), one obtains that the phase acquired along the closed path (m, n)
where the parameter α = qd/2π is interpreted as the uniform synthetic magnetic flux (in units of the flux quantum) penetrating each plaquette. Thus, this scheme realizes the Hofstadter model [31] , generalizing the proposals [30, 44] to the case of the checkerboard geometry.
C. Realizing non-Abelian gauge potentials
This proposal can be generalized to non-Abelian gauge potentials when g and e now represent manifolds of degenerate states (see Fig. 2 (a)-(b) ). Let us consider a 2 × 2 system with states {g −1/2 , g +1/2 } and {e −1/2 , e +1/2 }, as realized in the fermionic 171 Yb with nuclear spin 1/2. In a moderate magnetic field (a few tens of Gauss), the Zeeman effect allows to distinguish between σ ∓ transitions g ±1/2 → e ∓1/2 , that change the spin projection, from π 1,2 transitions g ±1/2 → e ±1/2 that conserve it (see Fig. 2 (b) ). This allows to correlate tunneling in a spatial direction with rotations in internal states and state-dependent tunneling phases. Laser-assisted tunneling along x or y is now described by 2 × 2 matricesÛ x andÛ y acting on a two-component spinor. If it is possible to arrange such that [Û x ,Û y ] = 0, this mimics a non-Abelian gauge potentialÂ throughÛ = e i Â ·dl [64] .
In order to realizeÛ x =Û y , one must distinguish between the tunnelings directed along e
We first consider the transitions along e y for illustration. Let us choose the coupling lasers propagating along z (thus inducing tunneling with no relative phase for motion in the x− y plane), with a linear polarization σ x , and tuned on resonance in the absence of magnetic field. Such lasers will induce a tunneling matrix ∝σ x . A second set of lasers is added, with polarization σ y , on resonance with transitions along e x . This configuration generates a spin-orbit coupling of the form
where φ 1 is the relative phase of the σ y -polarized laser with respect to the σ x -polarized one. More complicated tunneling matrices with complex position-dependent elements can be generated using a different laser configuration. Two specific configurations, leading to the analog of the Haldane model [5] , will be discussed below. In principle, arbitrary tunneling matrices can be generated in this way. However, the increase in complexity makes it experimentally very challenging. The configuration described above, for instance, generates no less than 9 different frequencies. Those frequencies are typically in the 10 kHz range, much less than the absolute optical frequency ω 0 corresponding to the bare atomic transition. As a result, they can be generated from a single laser using acoustic-optical or electrooptical modulators. This represents nevertheless a significant technological challenge for designing arbitrary tunneling matrices.
III. THE HALDANE MODEL ON THE SQUARE LATTICE A. Mapping the Haldane model to a non-Abelian model on a square lattice
The idea that we expose in this Section is to propose and analyze a mapping from the original Haldane model, involving complex tunneling phases on a honeycomb lattice [5] , into a spin-1/2 model defined on the square lattice, see Figs. 1 (a)-(b) . This is possible in two dimensions, since any lattice with N inequivalent sites within its unit cell can be formally labelled using: (a) two spatial coordinates (m, n) describing the location of the unit cell, and (b) an additional "pseudo-spin" index τ = 1, . . . , N labeling the inequivalent sites. Since the honeycomb lattice features two inequivalent sites, denoted A and B, it can be mapped into a square lattice hosting spin-1/2 objects.
Our starting point is to describe the honeycomb lattice using the notations illustrated in Fig. 1 (a) . In these notations [43] , one uses discrete coordinates (m, n) to label the unit cells of the honeycomb, where m, n are integers. Here each "site" (m, n) hosts the wave-functions ψ A (m, n) and ψ B (m, n), associated with the two inequivalent sites of the honeycomb. In other words, the honeycomb lattice can be interpreted as a square lattice with a pseudo-spin 1/2 structure. Thus, the tight-binding Hamiltonian describing NN hopping between A and B neighboring sites can be mapped into an equivalent operator, which involves hopping between opposite pseudo-spin components, which are located at neighboring sites of a square lattice, see Fig. 1 (b) . This mapping smoothly deforms the original Brillouin zone and energy bands but does not affect the physical properties, such as bulk gaps and topological phases, which are discussed in the following.
One considers the Haldane model, which features both NN and NNN hoppings on the honeycomb lattice ( Fig. 1 (a) ). The single-particle Schrödinger equations, satisfied by the wavefunctions ψ A (m, n) and ψ B (m, n), take a very simple form in terms of the notations introduced above, and read
where the tunneling amplitude J to nearest-neighbors of the honeycomb lattice is set to J = −1, and thus defines our unit of energy. Here, λ is the amplitude of the NNN hoppings on the honeycomb lattice and it corresponds to the t 2 parameter of the original Haldane model (or equivalently to the intrinsic spin-orbit coupling strength in the spin-1/2 Kane-Mele model [7] ). We remind that the complex NNN hoppings, which are responsible for the opening of the non-trivial topological bulk gap in this model, introduce a chirality in the system, see Fig. 1 (a) . Note that we have included an additional parameter α ∈ [0, 1] -for reasons that will appear clear after the mapping to a square lattice -with α = 1 in the original Haldane model.
Here, we have introduced the Pauli matricesσ x,y,z andσ − = (σ x − iσ y )/2. Equation (11) describes a non-interacting two-component system, evolving on a square lattice, see Fig. 1 (b) . The obtained model is characterized by non-Abelian hopping operatorsÛ x ,y that act along the links, but also by an onsite spin-mixing term F and diagonal hoppingsD with amplitude t diag = αλ, see Fig. 1 (b). To keep with the notations used in the preceding Section, we denote by x , y the principal axes of the square lattice.
Realizing non-Abelian hoppings U x ,y between the nearest-neighbors of a square optical lattice is a possible but difficult task, as discussed above. The most important issue is the presence of additional diagonal matrix hoppingsD, which will be exponentially small in a cold atom realization compared to U x ,y (see discussion in the preceding Section). Consequently, a natural question arises: how important is this diagonal hoppingD for the obtention of the topological phase? Would the non-trivial bulk gap and corresponding edge-states survive in the limit α → 0? We answer this question by investigating the fate of the energy spectrum and topological order (Chern number and edge-states) as the Haldane model described by Eq. (11) is reduced to the simpler model withD = 0.
In momentum space, the Hamiltonian describing our system reads
whereσ is a vector of Pauli matrices and where the vector d(k) is given by
In the limit λ = 0, the energy spectrum is gapless and describes a semi-metal at half-filling. The two branches are
= ± 3 + 2 cos k x + cos k y + cos(k x − k y ) , and they touch at the two inequivalent Dirac points
, where E ± = 0 (or equivalently, where
opens at the Dirac points. It is well established for twocomponent lattice models that the topology of the ground band is entirely characterized by the vector d parameterizing the Hamiltonian: the Chern number of the band ν is identical to the winding number of d(k), as k is varied in the first Brillouin zone [12, 24, 25, 29] . As already presented in Eq. (1), this winding number ν can be directly related to the effective masses associated with the two Dirac points K ± . Here, these masses are given by
as can be deduced by developing the Hamiltonian H(k x , k y ) in the vicinity of the Dirac points K ± . The effective masses have different signs, which according to Eq. (1), leads to a non-zero Chern number ν = ±1. Moreover these masses are non-vanishing in the limit α → 0. Therefore the bulk energy gap opened by the perturbation λ, stemming from the complex Haldane NNN hopping, survives for any value of α (including the extreme value α = 0). Since the masses M ± preserve their sign all along the transformation α = 1 → α = 0, the Chern number in Eq. (1) remains constant and non-trivial for any value of α. The latter remark can also be formulated in the following manner: since the bulk gap is preserved during this transformation, the topological Chern number characterizing the bulk bands is unaffected [3] . This result is further illustrated in Fig. 3 , which shows the energy spectrum for the two limiting cases α = 0 and α = 1. In Figs. 3 (a)-(b) , the spectrum was obtained using a cylindrical geometry aligned along x : it shows the projected bulk bands E ± (k) → E ± (k y ) and the topological edge-states inside the bulk gap [4] . This result demonstrates that the diagonal hopping induced by the operatorD = −iαλσ z in Eq. (11) does not play any role in the realization of topological insulating phases and can thus be omitted for the sake of experimental feasibility.
To summarize, the physics of the Haldane model can be explored with an optical square lattice described by the simplified tight-binding Hamiltonian
where the two-component operator c † m,n creates a particle at site (m, n) and where the spin-1/2 structure is implicit. We note that this system is formally similar to the HgMnTe quantum wells model proposed in [12, 17] to realize the anomalous quantum Hall effect.
B. Implementation
We now discuss how the Hamiltonian Eq. (16) can be implemented using the methods discussed in Section II. We start Energy spectrum E = E(k y ) for λ = 0.05J: (a) α = 1, (b) α = 0 for a cylindrical geometry aligned along x . This spectrum shows the projected bulk bands E±(k) → E±(k y ), and also reveals the presence of topological edge-states inside the bulk gap [4] . In the standard case α = 1, the topological bulk gap is ∆ = 6 √ 3λ ≈ 0.5. In the absence of the diagonal matrix hopping, i.e. α = 0, the gap is ∆ = 4 √ 3λ ≈ 0.34 but survives. The energy unit is given by the tunneling amplitude J.
by the termsÛ x = +iλσ z andÛ y = −iλσ z . First, we consider transitions corresponding to tunneling along the x direction. For each value of the nuclear spin (+1/2 or −1/2), one can apply laser-assisted tunneling with π polarization. The lasers propagate along z (thus inducing no tunneling phase), with a polarization along y parallel to the direction of an applied magnetic field large enough to split the different transitions. Since the transition frequencies for g 1/2 → e 1/2 and g −1/2 → e −1/2 are different, they must be addressed separately with independent lasers, see Fig. 2 (b) . We choose a phase of ±π/2 for the two lasers driving the two π transitions for nuclear spins ±1/2. This gives a tunneling matrix proportional toÛ
Another set of lasers can be used to generate tunneling operators along e y , also driving π transitions for nuclear spins ±1/2 with phases ∓π/2. This generates a tunneling matrix
Next, we consider additional coupling lasers propagating along +e y , with σ − polarization, thus generating a tunneling matrix ∝σ − . For instance, the tunneling matrix element for the transition linking site r g = (m, n) to r e = r g + e x = (m + 1, n) is then
where we used Eq. (3), and where n designates the y coordinate of the site (m, n), which is here labelled according to the x − y axis system, see Fig. 2 . We note that each phase φ − (m, n) is driven by a specific laser, corresponding to the different transition frequencies offered by the superlattice potential. By adjusting the relative phases of these lasers, one can annihilate the undesired phases φ − (m, n) = 0 uniformly on the lattice, and thus realize constant tunneling operatorsÛ x ,y ∝σ − as in Eq. (16) . Combining the lasers generating the π and σ − transitions, one obtains the required NN tunneling terms in Eq. (16) . Finally, the on-site term F ∝σ x can be generated by an additional radio frequency field resonant at the Larmor frequency, acting uniformly on all sites [65] .
Although the scheme seems directly feasible, it is rather complex due to the large number of transition frequencies involved. In the following Section IV, we present an equivalent model that leads to a simpler implementation.
C. Detection
The Haldane-like optical lattice described above is characterized by the following physical properties:
• a massless Dirac-like spectrum for λ = 0,
• a massive Dirac-like spectrum for small λ J,
• a largely gapped spectrum for λ ∼ J,
• Chern insulating phases for λ = 0.
The Dirac-like spectrum can be experimentally detected along the lines of the recent experiments [49, 50] (see also Ref. [51] ). In particular, the techniques developed in these experiments could identify the opening of the bulk gap in the vicinity of the Dirac points, and thus, evaluate the amplitude of the mass terms M ± = 0. We point out that the detection of a Dirac spectrum in our square optical lattice setup would already be an interesting signature of the non-trivial synthetic gauge potential [39] .
The large gap opened by the terms proportional to λ could be directly detected through in-situ imaging. Indeed, this spectral gap directly manifests itself in the spatial density of the atomic cloud [44] . We show the corresponding density for λ = 0 and λ = 1 in Fig. 4 , for a system trapped by an additional harmonic potential V (r) = V 0 (r/r 0 ) 2 : the clear plateau depicted by the density when λ = 1 is a direct signature of the gap opening.
The most efficient way to identify the formation of a Chern insulating phase would be to detect the presence of robust and chiral edge modes, whose energies are located within the bulk gap discussed above. This could be performed by deforming the atomic cloud and imaging its time-evolving spatial density [52] , or using light scattering methods [53, 54] . In principle, measuring the Chern number ν could be performed through spin-resolved momentum density measurements [24, 25] , Bloch oscillations [55, 56] or hybrid time-offlight images [57] . 
IV. THE π-FLUX MODEL
The physics of the honeycomb Haldane model can be alternatively studied by considering non-trivial hoppings on the π-flux model [13, 39, 43] . The latter is illustrated in Fig. 5 (a) and is characterized by tunneling amplitudes ±J along alternate columns. In the absence of additional hoppings, this system exhibits a gapless spectrum with two Dirac cones, and it is therefore physically equivalent to the honeycomb lattice [43] .
In order to open a non-trivial topological gap, with Chern number ν = ±1, complex diagonal hoppings are required, see the purple arrows in Fig. 5 (a) . As for the original honeycomb model discussed in the previous Section, these chiral and complex NNN hoppings highly diminish the feasibility of this Haldane-like model with cold atoms trapped in optical lattices. Note that the π−flux model without NNN hoppings is equivalent to the Hofstadter model with the magnetic flux set to Φ = 1/2 [44, 58] .
In this Section, we follow the same strategy as before: we consider the two-component wave-function Ψ(m, n) = ψ A (m, n), ψ B (m, n) , which describes particles on alternate columns, see the blue (A) and red (B) sites in Fig. 5  (a) . In these notations, the single-particle Schrödinger equation satisfied by Ψ(m, n) in this model then takes the form
whereÛ x =σ − ,Û y = −σ z − iλσ x ,F =σ x and D 1,2 = ±iαλσ − . Therefore, the model is translated into a non-Abelian square lattice, with direct tunneling operators U x ,y , an onsite termF , and two diagonal hopping matriceŝ D 1,2 , see Fig. 5 (b) .
The π−flux model can be analyzed in the same way as in the preceding Section, with identical conclusions. In the limit λ = 0, the energy spectrum is given by
with two independent Dirac points at K + = (π, π/2) and K − = (π, 3π/2). In the vicinity of the Dirac points, the effective masses are given by
As a result, the Chern number ν = ±1 remains non-zero even without diagonal hoppings (α = 0), as found previously.
The π−flux quantum Hall model can thus be explored by realizing the tight-binding Hamiltonian
In fact, this is the simplest scheme, exploiting non-Abelian hopping operators on a square lattice, which leads to a topological (Chern) insulating phase. Indeed, the hopping operatorsÛ x ,y should necessarily contain a term proportional to a Pauli matrix,Û x ,y ∝σ µ,ν , in order to induce the Dirac spectrum. Then, an additional term ∝ λσ κ should be added to at least one of these operators in order to open the topologically non-trivial gap. This minimal configuration is realized by the operatorsÛ x ,y in Eq. (22) .
From an experimental point of view, this scheme is significantly simpler to implement than the one previously exposed in Section III, due to the fact that it features a laser-induced tunneling phase in the y direction only, and thus, it does not require a superlattice along x. This demands one σ − coupling laser that drives tunneling along x , another laser with polarization σ x to drive the y tunneling, and a pair of lasers driving π transitions to generate the term ∝σ z with the proper relative phase; each of these lasers should also have three" sidebands" to drive all transitions introduced by the superlattice. This is not as complex as it seems at first sight, since the required sidebands can be generated by cascading modulators (one generating sidebands corresponding to different Zeeman transitions, and another one, corresponding to the different transitions introduced by the superlattice). Nevertheless, it is fair to say that this represents an important technical challenge to realize this model experimentally.
V. CONCLUSION
In conclusion, we have described an experimental scheme to generate non-Abelian gauge potentials for cold atoms in a square optical lattice. The scheme generalizes the proposals of Refs. [30, 38] originally formulated for alkali atoms, to two-electron atoms (alkaline earth atoms, Ytterbium, Erbium, ...), and requires additional superlattice potentials to generate finite flux per elementary cell of the lattice [44] . We have shown that such arrangements can be used to generate topological phases with non-zero Chern number. We have detailed two examples of microscopic models exhibiting such phases, a first one based on an explicit mapping from the Haldane honeycomb lattice to a multicomponent model defined on the square lattice with non-Abelian tunneling operators, and a second one built directly on the square lattice (the so-called "π-flux" model). The latter model is slightly simpler, but its experimental implementation would still represent a considerable challenge due to the relatively large number of laser frequencies that need to be controlled precisely. As explained before, the different transition frequencies can be generated from a single laser using frequency modulators, a standard tool in optoelectronics. As a result, we believe that the experimental implementation is challenging but possible. Besides the models described here, generating non-Abelian gauge fields on a lattice, can simulate many different systems, including lattice-gauge-theory models [38] and spin-orbit coupled gases [7] , with complete freedom over the choice of the microscopic Hamiltonian [34, 41, 42] . This is in contrast with Ramancoupled bulk systems, for example, where the form of the spin-orbit coupling is constrained [59] . We also stress that although the laser-coupled honeycomb lattice described in Refs. [24, 25] should be easier to implement experimentally, it does not offer the versatility of the non-Abelian optical lattices discussed in this work. As a result, the system described in this paper has the potential to realize other kinds of topological insulating phases, such as, for instance, the Z 2 topological insulators characterized by a topological invariant ν Z2 = ±1 and exhibiting the quantum spin Hall effect [7, [34] [35] [36] [37] [60] [61] [62] [63] . . These pictures are to be compared with the original Haldane and π-flux models illustrated in Fig. 1 (a) and 5 (a), respectively.
